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In order to explain the late-time cosmological acceleration, we propose a new pure geometric grav-
ity based on Deser-Woodard theory [Phys. Rev. Lett. 99, 111301 (2007)], in which the expansion
of a matter-dominated universe can be accelerating. This new theory behaves as well as general
relativity in solar system and gravitational waves, which is an important improvement over Deser-
Woodard nonlocal gravity. Especially, for the simplest case, theoretical considerations determine all
the parameters that appear in the Lagrangian.
I. INTRODUCTION
Which theory is the most beautiful one to explain the
late-time cosmological acceleration? Dark energy, e.g.,
quintessence [1] or phantom [2], is a simple model. How-
ever, this mysterious matter is undetectable in the local
gravitational systems, and thus, its existence lacks direct
verification. Modified gravity is also a good candidate
(see [3–6] for reviews). One can couple new fields to the
Einstein-Hilbert Lagrangian or add higher-order geomet-
ric terms to the action. But current mainstream modified
gravities are not good enough to replace Einstein’s the-
ory. The problems come from observations and aesthet-
ics. Many simple models, e.g., f(R) = R + αR2 theory,
can be directly ruled out by observations [5]. In order to
fit all known observations, one has to construct complex
structures for the Lagrangian, e.g., the Hu-Sawicki model
[7]. This always makes the theory not so charming, even
though it fits the data well. Another aesthetics problem
is that, in order to explain the late-time acceleration,
classical theories generally need a parameter related to
the Hubble constant H0. This may be a potential factor
that makes theories suffer from the coincidence problem.
We believe if a pure geometric gravity does not introduce
any H0-related parameters into the Lagrangian and can
behave well in various gravitational applications, then it
is comparable to previous theories.
Pure fourth-order gravity [8] seems to be a good choice.
However, combined with Eq. (8) and Eq. (27) in [8]
and ρ0 = O(H20/G) from dimensional analysis, we ob-
tain σi = O(c/H0), which is inconsistent with the ex-
planation of [8] that σi is the size of fundamental parti-
cles. Deser-Woodard nonlocal gravity [9] is a pure geo-
metric theory and only introduces dimensionless param-
eters in the Lagrangian. This theory could explain the
late-time acceleration, but gives Ψ 6= Φ in the weak field
limit [see metric (4) for the meaning of Φ and Ψ] for
the general formalism [10]. The Cassini mission gives
Ψ/Φ = 1 + (2.1 ± 2.3) × 10−5 in the Solar system [11],
and recently, Ψ = Φ has been confirmed at the Galaxy
scale [12]. We believe a good gravity theory should give
Ψ that exactly equals, not close, to Φ [13]. One thing
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should be mentioned here, the Deser-Woodard nonlocal
gravity could suppress the growth rate of a large scale
structure formation [14, 15], which is in better agreement
with observations, and this good property may be related
to the fact that Ψ 6= Φ in the Deser-Woodard theory. If
we require Ψ = Φ, we may lose this merit. However,
Ψ 6= Φ in modified gravities may not be the necessary
condition to suppress the growth rate. Generally, the
evolution equations of cosmological scalar perturbation
in modified gravities and general relativity should be dif-
ferent. It is reasonable that different evolution equations
give different growth rates. In this paper, we focus on
constructing a gravity theory that not only explains the
late-time acceleration, but also gives Ψ = Φ in the weak
field limit. Detailed analysis of the large scale structure
formation for the new theory will be presented in future
works.
To our knowledge, the Ψ = Φ issue has not been dis-
cussed in the follow-up works on the Deser-Woodard non-
local gravity (recent developments can be found in [14–
22] and references therein). In this paper, similar to the
pure fourth-order gravity, we will construct a new non-
local theory that makes Ψ = Φ through the combina-
tion of scalar and tensor modifications. In addition, we
will present comprehensive calculations on the weak field
limit, gravitational waves, and cosmology for the new
theory. We take same the conventions as [8].
II. FIELD EQUATIONS
The action takes the form
S =
∫
d4x
√−gLG + Sm. (1)
where δSm = −
∫
d4x
√−gTµνδgµν/2 and Tµν = (ρ +
p/c2)uµuν+pgµν for the perfect fluid. We start from the
following Lagrangian:
LG = 1
2ζ
(
α1R+ α2R
−1R+ α3Rµν
−1Rµν
)
, (2)
where ζ is the spacetime-matter coupling constant, αi
is dimensionless parameter, and  is d’Alembert opera-
tor. Without loss of generality, we can fix one parameter.
2However, in order to facilitate the discussions on com-
pletely abandoning Einstein-Hilbert action, we restore all
αi. Note that the above Lagrangian can be regarded as a
special case of [19]. However, our motivations and work
details are completely different. Ψ = Φ is our core, and
this is not mentioned in [19]. In addition, [19] shows that
a general tensor nonlocal modification will lead to an in-
stability problem in the evolution of the Universe. But
the tensor part Rµν
−1Rµν that we are considering does
not bring the instability problem to the theory [19]. In
the Lagrangian, Rµνρλ
−1Rµνρλ is unnecessary because
of Eq. (6) in [19]. Variation of the action with respect to
the metric gives the field equations
α1Gµν + α2
[
2gµνR− 2∇µ∇νU + 2UGµν + (∇µU)(∇νU)− gµν
2
(∇λU)(∇λU)
]
+ α3
[
Rµν + gµν∇α∇βUαβ −∇µ∇αUαν −∇ν∇αUαµ + 2UαβRµανβ −
gµν
4
(UαβU
αβ)− gµν
2
RαβU
αβ
+(∇νUαβ)(∇µUαβ) +∇α(Uαβ∇νUµβ + Uαβ∇µUνβ − Uµβ∇νUαβ − Uνβ∇µUαβ)
]
= ζTµν , (3)
where Uµν = 
−1Rµν , or in a localized form Uµν =
Rµν , and U = U
µ
µ. One thing should be mentioned here,
Uµν is not a new tensor field, but a nonlocal form of the
spacetime geometry. Energy and momentum conserva-
tion can be directly derived from Eq. (3).
III. MEETING OBSERVATIONS
As a primary requirement, the new scalar-tensor nonlo-
cal gravity should be able to explain the main phenomena
in the Solar system (Newton’s gravity and Ψ = Φ), grav-
itational waves (speed), and cosmology (the late-time ac-
celeration).
A. Weak field limit
A metric gravity theory should recover Newton’s law of
gravitation in the weak field approximation [23]. Further-
more, considering the observational constraints [11, 12],
we demand that the theory gives Ψ = Φ for the following
perturbed line element:
ds2 = −c2(1 + 2Φ/c2)dt2 + (1− 2Ψ/c2)dr2. (4)
The background is the Minkowski metric, in which Rµν =
0. Therefore, we can choose Uµν = 0 for the background.
In the weak field limit, i.e., in metric (4), Φ and Ψ are
first-order infinitesimals. Omitting the second-order in-
finitesimals, we obtain R00 = ∇2Φ and so on for metric
(4), where ∇2 is the Laplace operator. Taking into ac-
count Uµν = Rµν , we know Rµν and Uµν should be re-
garded as first-order infinitesimals in the weak field limit.
This makes terms like UGµν to be second-order infinites-
imals and can be ignored in Eq. (3). So the field equa-
tions can be written as α1Gµν+α2 [2gµνR− 2∇µ∇νU ]+
α3
[
Rµν + gµνU0 −∇µ∇αUαν −∇ν∇αUαµ
]
= ζTµν ,
where U0 = ∇α∇βUαβ .
Contraction of the field equations gives
−α1R+ 6α2R+ α3(R + 2U0) = ζT, (5)
where we have used U = R. Because Christoffel
symbols vanish at the Minkowski background, we have
∇µ(tensor) = ∂µ(tensor) except for the metric tensor
gµν . The source is assumed to be static [8], which implies
∇0(function) = ∂0(function) = 0 for the left side of field
equations. Thus, the 00 component gives
α1G00 + 2α2g¯00R+ α3(R00 + g¯00U0) = ζT00, (6)
where a bar means background. In addition,
∇µ(tensor) = ∂µ(tensor) means the covariant deriva-
tive indices are commutable, i.e., ∇µ∇ν(tensor) =
∇ν∇µ(tensor). Applying this to Uµν = Rµν , we ob-
tain ∇µ∇νRµν = ∇µ∇νUµν = (∇µ∇νUµν) = U0.
The Bianchi identity gives ∇νRµν = ∇µR/2, and then
∇µ∇νRµν = R/2. So, (U0 − R/2) = 0. In the
static case, the general spherically symmetric solution
for (function) = 0 is c1 + c2/r, where ci is constant.
We expect the mass element has negligible effect on the
areas far away from it. This boundary condition at infin-
ity, which has been widely used to eliminate the increas-
ing mode in the classical massive gravity’s Newtonian
approximation [5], gives c1 = 0 [note that a nonzero c1
means a term almost similar to the cosmological constant
appears in Eq. (6)]. As we analyze the weak field limit,
all functions should be analytical in the whole space.
This condition requires c2 = 0 [8]. Then we obtain
U0 = R/2. (7)
For the source, the only nonzero energy-momentum ten-
sor is T00 = ρc
4, and the trace T = −ρc2 [8].
Substituting metric (4) into Eqs. (5)–(7), and elimi-
nating ρ and U0, we obtain
(α1 − 8α2 − 3α3)∇2Ψ = (α1 − 4α2 − α3)∇2Φ. (8)
If 2α2 + α3 = 0, then ∇2Ψ = ∇2Φ, i.e., Ψ = Φ + c1 +
c2/r for the spherically symmetric case. The boundary
3conditions at infinity (perturbations vanish at infinity)
and r = 0 (perturbations are nondivergent in the whole
space) require ci = 0. So, 2α2 + α3 = 0 gives Ψ = Φ in
the weak field limit. This result also means Ψ 6= Φ in the
general Deser-Woodard nonlocal gravity. Substituting
α2 = −α3/2 and Ψ = Φ into Eq. (6), we obtain
2(α1 + α3)∇2Φ = ζρc4. (9)
Comparing with Poisson’s equation ∇2Φ = 4piGρ, we ob-
tain ζ = 8(α1 + α3)piG/c
4. For the case {α1 = 0, α2 =
−1/2, α3 = 1}, ζ = 8piG/c4. In this case that completely
abandons the Einstein-Hilbert action, there are no un-
known parameters appearing in the Lagrangian. As we
soon see, this simple case also behaves well in gravita-
tional waves and cosmology.
B. Gravitational waves
Here we focus on the speed of gravitational waves. Ob-
servations give tight bounds on the graviton mass and the
absolute speed [24, 25]. We expect that the new theory
gives the speed of gravitational waves equal to c. Simi-
lar to the f(R) = R + αR2 theory [26], the contraction
of the vacuum field equations is enough for this analy-
sis. For simplicity, we choose the background to be a
Minkowski metric. But the boundary condition at in-
finity used in the weak field limit analysis is unavailable
here, and thus, Eq. (7) is unavailable. What we can ob-
tain is just (U0 − R/2) = 0. Applying  to Eq. (5),
and setting T = 0 and α2 = −α3/2, we obtain
(α1 + α3)R = 0. (10)
This means no massive polarization exists and the speed
of gravitational waves equal to c in the new theory.
C. Cosmology
Here we focus on the flat homogeneous isotropic uni-
verse, which can be described by the flat Friedmann-
Lemaˆıtre-Robertson-Walker metric,
ds2 = −c2dt2 + a2dr2. (11)
The energy-momentum tensor T00 = ρc
4, T0i = 0, and
Tij = δijpa
2. We assume
Uµν = diag(f1c
2, f2a
2, f2a
2, f2a
2), (12)
where fi = fi(t). Substituting metric (11) and Eq. (12)
into Uµν = Rµν , we obtain
−f¨1 − 3Hf˙1 + 6H2f1 + 6H2f2 = −3 a¨
a
, (13)
−f¨2 − 3Hf˙2 + 2H2f2 + 2H2f1 = 2H2 + a¨
a
, (14)
where ˙≡ d/dt and H ≡ a˙/a. The above equations show
fi is dimensionless. Substituting metric (11) and Eq.
(12) into Eq. (3), we obtain
3α1H
2 + α2
(
2f¨1 − 6f¨2 − 12H2 + 9
2
f˙2
2
+
1
2
f˙2
1
− 12 a¨
a
− 3f˙1f˙2 − 6H2f1 + 18H2f2
)
+ α3
(
3
2
f˙2
2
+
1
2
f˙2
1
+ f¨1
− 3 a¨
a
− 3
2
Hf1f˙1 − 9
2
Hf2f˙2 + 12H
2f1f2 − 12H2f1 + 3
2
a¨
a
f1 − 3
2
a¨
a
f2 − 1
2
f1f¨1 − 3
2
f2f¨2 + 3Hf˙2 + 6H
2f21
+6H2f22 − 9H2f2
)
= ζρc4, (15)
− α1
(
H2 + 2
a¨
a
)
+ α2
(
−3f˙1f˙2 + 6Hf˙2 − 2Hf˙1 + 4 a¨
a
f1 − 12 a¨
a
f2 + 2H
2f1 − 6H2f2 + 12H2 + 9
2
f˙2
2
+
1
2
f˙2
1
+12
a¨
a
)
+ α3
(
5
2
a¨
a
f1 +
3
2
a¨
a
f2 − 2 a¨
a
f21 − 2
a¨
a
f22 +
1
2
f1f¨1 +
3
2
f2f¨2 + 3Hf˙2 + 4Hf˙1 − 4H2f21 − 4H2f22 +H2f2
+2H2 +
3
2
f˙2
2
+
1
2
f˙2
1
+ f¨1 +
a¨
a
− 4Hf1f˙2 − 5
2
Hf1f˙1 +
1
2
Hf2f˙2 − 4Hf2f˙1 − 4 a¨
a
f1f2 − 8H2f1f2
)
= ζpc2. (16)
The equation of state reads p = wρc2, and w = 0 for
matter, w = 1/3 for radiation. These five equations form
a complete set of ordinary differential equations. One
can directly verify the energy conservation equation
ρ˙+ 3H(ρ+ p/c2) = 0 (17)
can be derived from Eqs. (13)–(16). In addition, substi-
tuting Eqs. (13)–(14) into Eq. (15) to eliminate f¨i and
setting α2 = −α3/2, we obtain
3α1H
2 + α3
[
3H2(f1 + f2)
2 − 3H2(f1 + 3f2)
−6Hf˙2 + 1
4
f˙21 +
3
2
f˙1f˙2 − 3
4
f˙22
]
= ζρc4. (18)
Values of {f1, f˙1, f2, f˙2} at one time point can be re-
garded as boundary conditions. Equation (18) imposes
4limits on these boundary conditions because ρ should be
positive. We can use Eqs. (17)–(18) instead of Eqs. (15)–
(16) to study the evolution of the Universe. Taking the
derivative of Eq. (18) with respect to t, and substituting
Eqs. (13), (14), and (17) into the result to eliminate f¨i
and ρ˙, we obtain
a¨
a
=
1
α3[(f1 + f2)2 − f1 − 3f2 + 1] + α1 ·
[
−1 + w
2
ζρc4
+ α3H
2
(
f21 + f
2
2 + 2f1f2 + f1 − f2 − 2
)
+ α3H
(
f˙1 − 3f˙2 − 2f1f˙1 − 2f1f˙2 − 2f2f˙1 − 2f2f˙2
)
+α3
(
3
2
f˙1f˙2 +
1
4
f˙2
1
− 3
4
f˙2
2
)
+ α1H
2
]
. (19)
In order to explain the late-time acceleration, we ex-
pect a matter-dominated universe owns accelerating ex-
pansion solutions. Equation (19) meets our expectations.
For example, in the case {α1 = 0, α3 = 1}, setting
{H = H0, f1 = 0, f˙1 = 2H0, f2 = 0, f˙2 = 0} at t = t0
gives a¨/a = H2
0
/2 > 0 and ρ = H2
0
/(8piG) > 0.
For the radiation-dominated universe, we know the
horizon problem disappears if the expansion is accel-
erating. Equation (19) shows the radiation-dominated
universe also has accelerating expansion solutions. For
example, in the case {α1 = 0, α3 = 1}, setting {H =
H0, f1 = 0, f˙1 = 2H0, f2 = 0, f˙2 = 0} at t = t0 gives
a¨/a = H2
0
/3 > 0 and ρ = H2
0
/(8piG) > 0.
So far, we have proved both the matter and radiation-
dominated universe can be accelerating with suitable
boundary conditions, i.e., values of {f1, f˙1, f2, f˙2}. Ob-
servational data can constrain these values. In addition,
we should explore physical origins of the desired bound-
ary conditions. For simplicity and beauty, we suggest
readers focus on the case {α1 = 0, α2 = −1/2, α3 =
1, ζ = 8piG/c4}.
IV. CONCLUSIONS
In this paper, we propose a new nonlocal gravity the-
ory, which combines the advantages of the pure fourth-
order gravity [8] and Deser-Woodard nonlocal gravity [9].
This is a pure geometric theory with second-order differ-
ential field equations in the localized formalism, and no
parameters related to H0 appear in the Lagrangian. The
theory recovers Newton’s gravity and gives Ψ = Φ in
the weak field limit. The speed of gravitational waves
equals to c. For cosmology, accelerating expansion can
be obtained with suitable boundary conditions in both
the matter and radiation-dominated universe. Especially,
the above good properties also exist in the simplest case
{α1 = 0, α2 = −1/2, α3 = 1, ζ = 8piG/c4}.
Extension of our work is possible. Combined with the
result in [8], we conjecture there should be a large class
of operators Ô that make the theory with the following
Lagrangian:
LG = 1
2ζ
(
RµνÔ
−1Rµν − 1
2
RÔ−1R
)
(20)
behaves well in local gravitational systems, gravitational
waves, and cosmology.
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